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Abstract 

We describe the crystal bases of the modified quantum algebras and 
give the explicit form of the highest (or lowest) weight vector of its con- 
nected component Bq{X) containing the unit element for arbitrary rank 2 
cases. We also present the explicit form of Bo{X) containing the highest 
(or lowest) weight vector by the polyhedral realization method. 
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1 Introduction 

In 1985, Drinfel'd and Jimbo introduced independently the quantum algebra 
Uqis) ■= i^iT fi^l'^')iei — {1:2,- •• ,n}), which is called q-analogue of the 
universal enveloping algebra for a symmetrizable Kac-Moody Lie algebra g. The 
nilpotent part U~{q){= {fi)i^i), U+{q){= {ei)i^j) and the integrable Uq{Q)- 
modules have the "crystal base" and the crystal base of U~{g) (resp. ^/^(fl)) is 
denoted by (L(oo), i?(oo)) (resp. (i(— 00), _B(— 00))). 
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The theory of "crystal base" was estabhshed by Kashiwara 0, and it 
developes the representation theory of Uq{g) in the side of combinatrics. We 
can deal with the representation theory using combinatorial methods. One of 
the great properties of crystal base is that a tensor product of crystal base is 
again a crystal base of tensor product of corresponding modules 0]. We define 
the "crystal " as a combinatorial notion abstracting the properties of crystal 
base without assuming the corresponding modules. We can define the tensor 
product structure on crystals in a similar manner to crystal bases. 

The modified quantum algebra tjq{g) ■= 0;^gp C^g(0)aA (resp. Uq{g)a\ := 
Uqi9)/J2 Uq{Q){q^ ~ qC^i^-^))) is defined by modifying the Cartan part of Uq{Q). 
Since [/^(g)-modules always have weight space decompositions, Uq{Q) is an alge- 
bra more appropriate than Uq{Q) for the research of the modules of the category 
Oint- Lusztig |H1 showed that Uqio) has a crystal base {L{Uq{Q)), B{Uq{Q))) 
(resp. {L{Uq{g)ax), B{Uq{g)a\))) and Kashiwara |Zj described that the exis- 
tence of the following isomorphism of crystals: 

B{Uq{g)ax) = B(oo) Ta ® B(-oo) 

where T\ is the crystal given in Section 2. 

Polyhedral realizations of crystal bases is one of the methods for describing 
the crystal base explicitly, which was introduced by Nakashima and Zelevinsky 
[TT] . We can describe a vector of crystal bases as a lattice point of certain convex 
polyhedron in an infinite Z-lattice by this method. This method can be applied 
to not only classical types but also affine or more general Kac-Moody types. In 
jll) . polyhedral realization of B(oo) is given when q is of arbitrary rank 2 cases, 

of An and of type aII}_^ and in Nakashima gave the polyhedral realization of 
the crystal base B{X) (A e P+) of irreducible integrable highest weight module 
when is in the same cases as above. He and the author |1] applied this 
method to the modified quantum algebras and had the polyhedral realization 
of B{Uq{Q)a\), which is, in general, not connected. So, we also described some 
specific connected component of B{\) (A £ P) containing Uoo ®t\® W-oo (we 
denote this connected component by Bq{\)) and the exphcit form of the highest 
weight vector in i?o(-^) under certain assumption on the weight A for g = An 
and 

In this paper, we give the polyhedral realization of the connected component 
Bq(X) containing the highest (or lowest) weight vector for the modified quantum 
algebras of arbitrary rank 2 cases. When g is of classical type, we know that 
i?o(A) contains a highest weight vector and a lowest one [7], [5]. But when 
g is of affine or hyperbolic type, Bq{X) may not necessarily contain either a 
highest weight vector or a lowest one. Hence, we give the conditions of a weight 
A for existence of the highest (or lowest) weight vector in Bo{X) for affine or 
hyperbolic type and describe the explicit form of the highest (or lowest) weight 
vector in Bo (A). Furthermore, using the explicit form of highest (or lowest) 
weight vector, we present the polyhedral reahzation of Bo (A). 

This paper is organized as follows: in Section 2, we recall the definition of 
the modified quantum algebra and its crystal base. In Section 3, we review the 
method of polyhedral realization and give the polyhedral realization of _B(±oo) 
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and B{Uq{Q)ax). In Section 4, for the modified quantum algebra of affinc or 
hyperbolic type of rank 2 we describe the explicit form of the highest (or lowest) 
weight vector in the connected component -Bo(A) and give the condition of a 
weight A for existence of the highest (or lowest) weight vector in Bo(\). In 
Section 5, we present the polyhedral realization of -Bo (A) containing the highest 
(or lowest) weight vector. In the appendix, we show the results of classical types 
of A2, B2 and G2. 

2 Modified quantum algebra and its crystal base 

In this section, wc review the definition of the modified quantum algebra Uq{Q) 
and its crystal base. First of all, we define the quantmn algebra Uq{Q). We 
fix a finite index set I and let A = {aij)ij(zi be a generalized symmetrizable 
Cartan matrix, (t, {aijie/, {hi}iei) be the associated Cartan data and g be the 
associated Kac-Moody Lie algebra where (resp. hi) is called an simple root 
(resp. simple coroot). Let P be a weight lattice with a Q- valued symmetric 
bilinear form ( , ), P* be a dual lattice including {hi}^j and Q := Qiojo-i 
be a root lattice. We define the quantum algebra J7q(fl) to be the associative 
algebra with 1 over Q(g) generated by e^, fi,q'^ {i e. I,h G P*) with the following 
relations: 

g° = 1, q'^q^' = q^+^' for h, h' €P*, 

q^Biq-^ = q(h''^^)ei, q^^q-^ = q-^^^'^'^fi iori&I,he P* , 

[ej, fj] = Si^j for i, j e / 

where q^ = g(«*.«*)/2 and U = g(«i.«i)''i/2, 

fe=0 fe=0 

where for n € Z>o 

[n]i = '^^ ~ ^i" , [n]i\ = f\[k]i 

and we define e|"^ — ef /[n\i\ and /■'-"^ ~ /[n]i\. 

We shall define the modified quantum algebra Uq{Q). We define the left 
J7g(0)-module Uq{Q)ax by the relation: q'^ax = q'^'^'^^ax- ThenC7,(B) = ®x£pUqiQ)a\ 
has an algebra structure by 

(i) axP = Pax-i for ^ e Q and P G Uqis)^ 

iUq{g)^ := {P e UqiQ); q'^Pq-^ = g<'^'«>P for any heP*}) 

(ii) axttfi = 6x,nax 
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and we call this algebra modified quantum algebra. 

Let Oint be the category whose object is J7g(0)-niodule satisfying that it has a 
weight space decomposition and all e^, fi {i G /) are locally nilpotent. It is well- 
known that the category Oint is a semisimple category and all simple ojbects 
are parametrized by dominant integral weights P+. Let M be a C/g (g)-module 
with the weight space decomposition M = (BxepM\. Then ax is a projection 
ax ■ M — > Mx- Therefore, we think that Uq{Q) is an algebra more appropriate 
than Uq{Q) for the research of the modules of the category Oint- 

Now, we shall review the theory of crystal base. We follow the notations 
and terminologies to JOli [TT] , 

Let M be a C/g(0)-module in Oint- For any u G Mx (A G P), we have the 
unique expression: 

T!>0 

where u„ G Kere^ fl Mx+nai- By using this, we define the Kashiwara operator 
e,,/, GEnd(M), 

Ji Un, JiU := fl 'Un- 

n>l n>0 

here note that we can define the Kashiwara operators 6^,/^ G End(C/^(g)) by 
the similar manner I*. Let A C Q((?) be the subring of rational functions which 
are regular at g = 0. Let M be the C/g(g)-module in Oint- 

Definition 2.1. A pair (L, B) is a crystal base of M (resp. U^{q)), if it satisfies 
following conditions: 

(i) L is free A-submodule of M (resp. U^{g)) and M = Q{q) ®a L (resp. 

c^^(0) = Q(9) ®aL). 

(ii) _B is a basis of the Q- vector space L/qL. 

(iii) L = QxGpLx, B = UxepBx where Lx := LnMx, Bx := BnLx/qL (resp. 
there is no corresponding statement). 

(iv) BiL C L and fiL C L. 

(v) iiB C BU {0} and f^B C B U {0} (resp. /jB C B) (e^ and acts on 
L/qL by (iv)). 

(vi) For u,v £ B, fiU w if and only if e^v = u. 

The unit of subalgebra U^{q) is denoted by u±oo- We set 

L(±oo) := ^ ^/j, •••/»iW±oo, 

ijeIJ>Q 

B{±(X)) := {/i, • • -/ijMioo mod (7i(oo) I G /, Z > 0} \ {0}, 
then we have 
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Theorem 2.2 (HI). A pair {L{±oo), B{ztoo)) is a crystal base ofU^{g). 

Now we introduce the notion crystal, which is obtained by abstracting the 
combinatorial properties of crystal bases. 

Definition 2.3. A crystal B is a set endowed with the following maps: 
wt:B — > P, 

Si-.B — >ZU{-cx)}, (fi ■■ B — >ZU{-cx)} for iel, 
ei:BU{0} — >BU{0}, f,:BU{0} — > B U {0} for iel, 
e^{0) = /.(O) = 0, 

and those maps satisfy the following axioms: for all fo, 5i, 62 G B, we have 

(Pi{b) ^ ei{b) + {hi,wt{b)), 
wt{eib) — wt{b) + ai if e^b G B, 
wt{f,b) = wt{b) - ai if f,b e B, 
6462 bi <^=^ fibi = 62 ih-.h e B), 
Siib) = -00 =^ e,b = f,b = 0. 

Indeed, if (L, B) is a crystal base, then i? is a crystal. 

Definition 2.4. (i) Let Bi and B2 be crystals. A strict morphism of crystals 
■)/; : Bi — > i?2 is a map ip : BiU {0} — > B2 U {0} satisfying the following: 

(1) ^(0) = 0. 

(2) If 6 e Si and ^jj{b) G B2, then 

wti^Pib)) = e,{iP{b)) = £,(6), (^.(V^l^)) = ip^ib). 

and the map ?/; commutes with all and /,;. 

(ii) An injective strict morphism is called an embedding of crystals. We call 
Bi is a subcrystal of B2, if Bi is a subset of B2 and becomes a crystal 
itself by restricting the data on it from B2- 

The following examples of crystals will play an important role in the subsequent 
sections. 

Example 2.5. Let T\ :— {t\} (A G P) be the crystal consisting of one element 
tx defined by wt{tx) = A, ei{tx) = (pi{tx) = -00 , e.,[tx) = ji(tx) = 0. 

Example 2.6. For i G /, the crystal Bi :— \(x)i : x G Z} is defined by: 

Sj{{x)i) = -00, = -00 for j ^ I, 

ej{x)i = Si^j{x + fj{x)i = 5i,j{x - 

Note that as a set Bi is identified with the set of integers Z. 

Here we see the properties of the crystal base for the modified quantum 
algebra Uq[Q)- Lusztig jHj showed that Uq[Q) has a crystal base and Kashiwara 
[7] described the existence of the following isomorphism of crystals: 



5 



Theorem 2.7 ([7]). 

B{Ug{3)ax) ^ B(oo)0Ta®B(-«)), 

A6P 

3 Polyhedral realization of B{ztoo) and B{Uq{Q)ax) 

In this section, we review the polyhedral realization of the crystal i?(±oo) (see 
[TT] ') and B{Uq{Q)a\) (see P). At first, we shall recall the polyhedral reahzation 
of i?(±c>o). We consider the following additive groups: 

Z+°° {(••■, Xfc, X2, Xi) I Xfc e Z and Xfc = for fc 0}, 

Z^°° :— {(a;_i, a;_2, • ■ ■ , • • • ) I x_fe e Z and x-fc = for fc ;» 0}. 

We will denote by Zt.'^ C Z+°° (resp. Z<;5° C Z-°°) the semigroup of non- 
negative (resp. nonpositive) sequences. Take an infinite sequence of indices 
/.+ = (••• , ?fc, • • • , «2, *i) (resp. L~ = (z_i, i_2, • • • , «-fe, • • • )) from such that 

ik ik+i for any k, and jjjfc > (resp. k < 0) : ik = i} ^ oo for any i ^ I. 

(3.1) 

We can have a crystal structure on Z+°° (resp. Z °°) associate to t+ (resp. t ) 
(see [IT]) and denote it by Z~'^°° (resp. Z^_°°). Let Bi be the crystal given in 
Example 12.61 We obtain the following embeddings (0): 

^+ : B{oo) ^ B{oo) ® B, {u^ ^ u^. (0),), 
*r : S(-oo) B,(E)B{~oo) (u_oo >^ (0)i ® M-oo)- 

Iterating 'I'^ (resp. '^^) according to i+ (resp. l^), we get the Kashiwara 
embedding (0): 

: S(«)) -^Z|;]°cZ+r (uoo^(--- ,0,--- ,0,0,0)), (3.2) 
: B(-^) -^Z<~cZ-°° (u_oo >-> (0,0,0,- •■ ,0, •■•))■ (3.3) 

We consider the following infinite dimensional vector spaces and their dual 
spaces: 

Q+'^~ := {x = {■■ ■ ,Xk,- ■■ ,X2,xi) : Xk eQ and Xk = ioT k:$> 0}, 
Q^°" ■■= {x = (a;„i,a;_2, • • • ,a;_fe, • • • ) : x-fc G Q and a:_fe = for A: > 0}, 
(Q±°°)* := Hom(Q±°°,Q). 

We will write a linear form (p G (Q+°°)* as (p{x) = J2k>i f^Xk {fj £ *Q)- 
Similarly, we write Lp G (Q^°°)* as (p{x) = J2k<-i VkXk {'Pj £ Q)- 

For the sequence t+ = («fc)fc>i (resp. = («fc)A;<-i) and fc > 1 (resp. 
k < —1), we set 

fc*^^-* := min{^ : Z > fc > (resp.O > I > k) and ifc = i;}, 
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if it exists, and 

fc^"-* := ma,x{l : < I < k (resp. I < k < 0) and ij. — i;}, 

if it exists, otherwise — fc(^) = 0. 

We define a linear form (3k {k > 0) on by 

g (g) ^^''+^k<J<k(+)i'^^k,Oi^^)xJ +Xkl+) (fc>l), 

'^''^ \o (fc = 0). ^ ' ' 

We also define a linear form f3k {k < 0) on Q~°° by 

3 (y) 1^'=^'"' +Efc(-)<j<fc(/iu,a»,)% +yfc (fc < -1), 
^■^^^ ■ [O (A: = 0). ^ ' ' 

By using these linear forms, let us define a piecewise-linear operator Sk = 5*^.1 
on (Q±°°)* as follows: 

(3.6) 

[(p-(^fe/?^.(-) if V9fe < 0, 

for ip{x) = Y.VkXk e (Q=^°°)*. Here we set 

2t± := {S'ij, • ■ •S'±j2S'±ji(±a;±jJ |; > 0, jo, ji, ■ ■ • ,i/ > 1}, 

E,± := {x e Z±°° C (Q^°° I ip{x) > for any ipeE,±}. 

We impose on /,+ and i~ the following assumptions (P),(N): 

(P) for i+, if fc'^^ = then ipk > for any (p(f) = J2k VkXk £ (3.7) 
(N) for t~, if fc'^+^ = then <pfc < for any ^p{x) — lySfcXfc G S^-. (3.8) 

Theorem 3.1 ([llj). Let be the indices of sequences which are satisfied 
H5'. in and the assumptions (P), (N). Suppose : B{oo) ^ anrf : 
B{~oo) ^ Z^°° are the Kashiwara embeddings. Then, we have Im(4'j+)(= 
i?(oo)) = ; Im(*,-)(^ B(-^)) = S,-. 

We call (resp. S^-) the polyhedral realization of B{oo) (resp. B{~oo)). 

Here, we will recall the polyhedral realization of B{Uq{2)ax). As a set, we 
denote Z+°°(8)rA®Z-~ (resp. Q+°° (giTx^Q-°°) byZ°°[A] (resp. Q°°[A]). We 
shall construct the crystal structure of Z°°[A]. We fix the indices sequence l := 
(t+, tA, t^) = (• • • , i2,ii,t\, i-i,i^2, • • • ) and a weight X € P. Since Z°°[A] is the 
subset of Q°°[A], we can denote x G Z°°[A] as f = (• • • ,X2,xi,tx,X-i,X-2, ■ ■ ■)■ 

For X G Q°°[A], we define a linear function a-k{x) {k G Z) by: 

Xk+Y.]>k'\^'^k^ot^^)^j (fc > 1), 

ak{x) := <; + Xk + Y.,>k{K.c^^,)^J (k < -1), (3-9) 

'Oo (fc = 0). 
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Since Xj — for j 3> 0, Uk is well-defined. Let a'^'^^(x) :— maxk:ik=i<^k{x) and 

AfW = M(^)(f) := {k:ik^ i,<Jk{x) = ^^(f)}. (3.10) 

Note that cr(*)(f) > 0, and that M^^) = M(*)(x) is finite set if and only if 
a'-'^x) > 0. Now, we define the map Ci : Z°°[X] U {0} — > Z°°[A] U {0} , 
/. : Z°°[A] U {0} Z°°[X] U {0} , by e,(0) = /.(O) = and 

{fi{x))k = Xk + ^fe,minM(') if cxists; otherwise fi{x) = 0, (3.11) 
{ei{x))k = Xk — <^fe,maxM(i) if ^^^^^ exists; otherwise ei{x) = 0. (3.12) 

where 6ij is Kronecker's delta. We also define the weight function and the 
function Si and (fi on Z°° [A] as follows: 

wt{x) := A - J2T=~oo ^jO^ij ' ^ii^) — cr^'^ (^)' (3 
ip,{x) {h.„wt{x)) +ei{x). 

We denote this crystal by [A]. We can identify [A] with Z'^^^Tx® Z~f° . 
Since there exist the embedings of crystals: B{±oo) ^ Z|^°°, we obtain 

Theorem 3.2 ([T]). 

^-t^) : B(cx)) ®Tx® B{-oo) ^ Z+°° (8 Ta (g) Z-°°(= ZJ^[A]) 
Moo ® (8) U_oo (• • • , 0, 0, iA, 0, 0, • • • ) 

is the unique stirict embedding which is associated with l :— {■ ■ ■ , i2, ii, t\, i_2, ' ■ ' )■ 



Now, we will give the polyhedral realization of B{Uq{g)a\). We fix an indices 
sequence t. We define a linear function /3fe(x) as follows: 

Pkix) = akix) - ai^(+){x) (3.14) 

where is defined by (|3.9I) . Since {hi,ai) ~ 2 for any i £ I, we have 

^^j-^) ^ {xk + Y.k<'j<ki+){hik^otio)x3+Xk{+) (fc > 1 or fc(+) < -1), 

\-(^uoA> +a:fe + Efc<j<fe(+)(^ifc'"i3>2;j +Xk{+) (fc < -1 and fc(+) > 0). 

Using this notation, we define an operator Sk = Sk.L for a linear function ^p{x) = 
c + Z]-oo '/^fe^fe (C) 'Pfe G Q) as follows: 

(^) := 1^ - ^'^'^'^ (3.15) 

(^((9 - (pkPkl-) if V'fc < 0. 

An easy check shows (5*^)^ = Sk- For a sequence l and an integral weight A, we 
denote by [A] the subset of linear forms that are obtained from the coordinate 
forms Xj, X-j {j > 1) by applying transformations Sk- In other words, we set 

SJA] : = {Sj, ■ • • Sj, ixj„) : / > 0, jo, ■ ' • ,ji > 1} 

U{S-j^---S-j^{^x^,J ■- k>0,jor--,Jk>l}, (3.16) 
S,,[A] --^{xe Zr [A](C Q°°[A]) : ifix) > for any ip e SJA]}. (3.17) 
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Theorem 3.3 (U). Suppose that is satisfied 1)5'. if) and the assumptions (P), 
(iV). Let ^-^^^ : B{oo) (g) Ta (g) B{-oo) ^ Zf°[A] be the embedding of Theorem 
Then, Im('J'[^^)(^ B(oo) ® Ta ® S(-cx))) = SJA]. 



We call St [A] the polyhedral reahzation of B{Uq{g)ax). 
The following lemma will be used in Section 5. 

Lemma 3.4 (P3). Let be a set of linear functions on Q°°[A]. Suppose is 
closed by actions of Sk, then the set 

Et {x e Z'flX] : ip{x) > for any Lp £ SJ 

holds a crystal structure. 

4 Highest and lowest weight vector of Bq{X) for 
affine and hyperboUc types of rank 2 

In this section, we consider the case that g is of affine or hyperbolic type of 
rank 2. We define that i?o(A) is a connected component of B{Uq{Q)a\) {= 
B{oo) Ta ® oo)) containing Uoo <8) ^a ® w_oo- We fix: 

• Cartan Matrix : ^ ^ (ciC2 > 4). 

• A = AiAi + A2A2 E P (Ai G Z>o, A2 e Z<o, A,;: fundamental weight). 
. /, = (••• ,1,2,1, iA, 2,1, 2,...) (/ = {1,2}). 

Note that if A is a dominant (resp. antidominant) weight, we know the highest 
(resp. lowest) weight vector of Bo{X) is (• • ■ , 0, 0, ^a, 0, 0, • ■ • ) in Z^[A]. So, 
we consider the case that a weight A is not a dominant or antidominant weight. 
Here, we will describe the explicit form of the highest (or lowest) weight vectors. 
For the purpose, we need some preparations. We define Chebyshev polynomials 
and give some facts. 

Definition 4.1. Chebyshev polynomial s{:= Pk{X)) is given by: 

Pk{a + a 1) = . 

a — a ^ 

Fact 4.2. (i) The generating function for Pk{X) is given by: 

k>0 

(ii) Pk{X) satisfies the following identities: 

{X + 2)Pk{Xf - {Pk+i{X) + Pk{X)){Pk{X) + Pk-i{X)) = 1, (4.1) 
{Pk{X) + Pk-i{X)f -{X + 2)Pk{X)Pk-i{X) = 1. (4.2) 
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(iii) Pk{X) satisfies the following recusion: 

PkiX) = XPk-iiX) - Pk-2iX). 



Definition 4.3. For X — C1C2 — 2, we define the integers a;, a[ {I > 0) as follows 
(see 

a2k = ciPk-i{X), = C2Pk-i{X) {k > 1), 
a2fe+i = a^fe+i = Pk{X) + Pk-i{X) {k > 1). 



Example 4.4. Several first terms of ai are given by: 

ai = 1, 02 = Cl, 03 = C1C2 - 1, 04 = ci(ciC2 - 2), 05 = (ciC2 - l)(ciC2 - 2) - 
a[ = 1, a2 = C2, 03 = C1C2 - 1, 04 = C2(ciC2 - 2), a'g = (ciC2 - l)(ciC2 - 2) - 
ae = ci(ciC2 - l)(ciC2 - 3), 07 = ciC2(ciC2 - 2)(ciC2 - 3), 

a'e = C2(ciC2 - 1)(C1C2 - 3), Oy = CiC2(ciC2 - 2)(ciC2 - 3). 

Note that if g is of afhne or hyperbolic type, a;, aj are positive. 
Fact 4.5. ai satisfies following recusions (see lllp: 

(i) a2fe+2 = cia2fc+i — a2k- 

(ii) a2fe+i = C2a2fe - a2k^i- 

(iii) a2fe+2 = C2a2fe+i - a^^.. 

(iv) a2fe+i = ciAjfe - a2A;-i. 

Proof, (i) We apply Definition l4.3l to Fact l4.2r iii). (ii) is an easy consequence 
of Fact^2Ii). (iii), (iv) is given by Definition 14.31 and (i),(ii). q 

Lemma 4.6. For any I > 1, 

^ > ^ , ^ > (4.3) 

Proof. We have 

p,(X)^^^^, X + 2 = C1C2 
Cl C2 

by the definition. Applying Definition l4.3l to H4.1|) . we get 

ciC2 ( ) ( ~ {a2k+3a2k+i) 1, 



02/0+2 \ 


/ "2fc+2 


Cl / 


V C2 


a2fe+2\ 


f '^2k+2 


Cl / 


V C2 



C1C2 - ia2k+3<^2k+l) = 1- 
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Then, 

a2k+2a'2k+2 - «2fe+3a2fe+i = 1, (4.4) 

a2k+2a'2k+2 ^ «2fe+3«2fe+l = 1- (4.5) 

Similarly, applying Definition ^31 to (|4.2f) , we get 

/ I \ ( ^2k+2\ ( 0''2k\ 1 

(a2fe+ia2fc+i) - ciC2 \ —- j ( ) = 1' 
(a2fe+ia2fc+i) - ciC2 (^-^^^ ("i^) " ^' 

Then, 

a2fe+ia2/c+i ^ a2fe+2a2fe = 1) (4-6) 
a2fc+ia2/c+i - a2fe+2a2fc = 1. (4.7) 

Using (|4.4(l and (|4.6(l . we get for ^ > 1 

"i+i'ij+i ^ a/+2a! = 1 > 0. 

Now, since we consider the case that g is of the affine or hyperbolic type, a;, aj > 
and we have 

aj a;+i 
Similarly, using H4.5|) and 14.7|l we have 

Qj+l ^ °'i+2 

□ 

Corollary 4.7. For k —>■ oo, following sequences are converge to real numbers 

r. , C\C2 + \/c\c\- 4ciC2 „ CiC2 - \/ cjcl - 4ciC2 , 

^ ^= 2^, ' ^ ^= 2^, 

(,) ^>4>^>4>...>^>^> — 

fll 12 '^3 ^4 a2fe_l Oj;, 

4<^<4<^...<^<^< 

flj as 04 05 a2j, a2/c+i 

Lemma 4.8. Suppose v-i := (• ■ • ,0,0, iA 

^ X — \ ^ X — 27''* ^ X — I ^ 0,0,- ■■) e Z,,[A] 
/or any I > {vq := {■ ■ ■ , 0, 0, tA, 0, 0, • • ■ ) ). Then, 

(i) For I ^ and any k > 1, 

cr-i{v-i) > a-i-2{v-i) = cr-i-2k{v-i). 
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(ii) For any s,t >1, 

a-i-i{v-i) = a-i-3{v-i) = ■■■ = a-i-2s+i{v-i), 

(Tt{V-l) = 0. 

(Hi) For any k > 1 {2k — 1 < I), if cr_j+2fe-i('y-() = and a-i-i{v-i) = N > 
0, then 

(ej_,_j^u-; = (•■• ,0,0,iA,a;_i,a;_2,-- - ,x_i,-N,0,- ■ ■), 

Proof, (i) By the definition of cr, we have 

a-i-2{v-i) = x-i + a-i{v-i) < a-i{v-i). 

(ii) It is obvious by the definition of a. 

(iii) For any n {1 < n < N), we shall show that 

(ei_,_i)"v_; = (••• ,0,0,iA,a;_i,a;_2,--- ,X-i,-n,0,- ■ ■) 
by the induction on n. 

Case I) n = 1. 
By (ii), we have for any s,t > 1, 

a-i-i{v-i) = a-i-^iv-i) = • • • = u-i-2s+i{v-i) = N, 

(rt{v_i)=0. 

By the assumption of (iii), for any A:>l(2fc— l<^)we have 

a-i+i{v-i) = a-i+3{v-i) = ■■■ = a-i+2k-i{v-i) = 0. 

This shows that 

{ei_,_,)v-i = (••• ,0,0,iA,a;_i,a;_2,-- - ,X-i,-l,0,- ■ ■)■ 

Case II) n > 1. 
We assume that 

(ei_,_i)""^v-; = (••• ,0,0,iA,a;_i,a;_2,--- ,X-i,-n + 1,0,- ■ ■) =: v'_i. 
Since X-i,X-2, • • • , X-i does not change, we have 

a-i-i{v'_i) = -n + l + a-i-i{v-i) = -n+l + N>0 
and by (i), we have for any k >2 

a-i-i{v'_i) > a-i-2k+i{v'-i). 

12 



For any t > 1, 

Mv-i) = 
and we have for any fc > 1 ( 2fc — 1 < ^ ) , 

<^-l+l{v'-l) = cr-(+3(u'_;) = • • • = (T^i+2k-l{v'_i) = 

by the assumption of (iii). Therefore, we get 

(ei_,_Jw^; = (ei_,_J"w_; = (■•• ,0,0,tx,X-i,X-2, - ■ ■ ,X-i, -n,0, ■ ■ ■). 
In particular, we consider the case n=N, 

(ei_,_i)^w-i = (• ■ ■ ,0,0,tA,2^-i,a;_2, ■ ■ ■ ,X-i, -N,0, ■■■)=: v"_i. 
In this case for any k > 2, 

= 0--;-l(u";) = (J-l-2k+l{vll) + N > (J-l-2k+livll). 

We conclude 

□ 

Now, we define for any j,k > 1 

h-2k+l ■= a2fe-2^1 + ^'2k-1^2, 
h-2k '■= a2A:-lAl + a2k^2, 

H-j :=(••• ,0, 0,iA, /i-i, h^2,--- /i-j, 0, 0, • • • ). 

Remark 4.9. If the condition of a weight A is '^^^^ > — '^'^^ (resp. 

> > ), then ft._2, • • • , /i-2fe+i < and /i_2fe, /i-2fc-i, • • • > 

a2k-l — A2 fljj, 

(r esp. ft-_2, ••• ,/i-2fe < and /i-2fe-i, ^-2fe-2,-- - > 0) by Corollary 

EH*). 

Theorem 4.10 (Highest weight vector of Bo{X)). If the condition of a 

■ , , > • '^2fc-l ^ '^l ^ °^2fe / a2k ^ ^1 ^ "2fc+l^ 

weight A is — ^ > — — > [resp. > — — > — r~)' ^"•^'^ 

°'2fe-2 ~'^2 0,2k-l a2fe-i — A2 a2j, 

H-2k+i {resp. i?-2fc) *s f/ie highest weight vector of Bq{X). (If a'2f._2 = 0, we 

define that the condition of a weight A is — ^ > — -•) 

— A2 ai 

We shall prove the former case > — L. > — since the latter case 

'^2fc-2 ~^2 a2fc-i 
is proved by the same argument of the former case. We prepare some lemmas. 

Lemma 4.11. We give some properties of H^2k+i, H^2k- 

(i) For any j (1 < j < 2fc - 1), (iJ_2fe+i) = 0. 
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(ii) For any j (1 < j < 2k), a-j{H^2k) = 0. 
(in) a-2k{H-2k+i) = -02^-1 Ai - a2feA2 (= -/i-2fe)- 
(iv) (J-2k-l{H-2k) = -Oafc^i -«2fc+i-^2 (= -h-2k-l)- 

Proof, (i) First, wc consider the case that j is odd. We wiU show (j-j {H-2k+i) — 
by the induction on j. 

Case I) j = 1. 

0'-l(-ff-2fc+l) = ^-1 — A2 

= A2 — A2 
= 0. 

Case II) j > 1. 
We assume o'_j+2(-ff-2fe+i 

) = 0. Then, 

(T_j(iJ_2fe+i) =- (/J2,A) + ^ {h2,aii)xi 

i>-j 

= -{h2,X)+ ^ {h2,ai^)xi + h^j - C2h^j+i + h^j+2 

l>-j+2 

=<y-j+2{H-2k+i) + h-j + (-C2aj-2 + 4-3)^1 + (-C2aj-i + a^_2)'^2 

=/i_j - a'^_i\i ~ a'j\2 (by Fact lO^ii) , (iii) ) 

=0. 

Next, we consider the case that j is even. We wiU show by the induction on j. 
Case I) j = 2. 

a-2{H-2k+i) = h^2 - ci/i-i - Ai 

= /l_2 - Ai - C1A2 

= h-2 — fliAi — a2A2 
= 0. 

Case II) j > 2. 
We assume cr-j+2{H-2k+i 

) = 0. Then, 

a-j{H_2k+i) =- {hi,X) + ^ {hi,ai^)xi 

i>-j 

= ~{hi,X)+ ^ {hi,ai^)xi + h^-j - cih^j+i + h^j+2 

l>-j+2 

=<y-j+2iH-2k+i) + h^j + (-cia^_2 + aj-3)Ai + {-Cla'^_-^^ + aj-2)A2 

=/i_j — Cj^iAi — ajA2 (by Fact^3Ji),(iv)) 

=0. 

We can show (ii) by the similar calculation as (i). (iii), (iv) is obvious by 
(i), (ii)- □ 
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Lemma 4.12. If the condition of a weight X is — - > — ^ > — (resp. — > 

'^l ^ ^2k+l 



> — ; — ), then for any j (1 < j < k), H-2j+2, H-2j+i {resp. H^2j+i, H-2j 
-^2 a2k 

are generated from (• • • , 0, 0, t^, 0, 0, • • • ). 

Oj2h 1 -^1 0L2k 

Proof. We consider the former case — > — — > since the latter 

^2k-2 ~'^2 0,2k-l 

case is shown by the similar argument of the former case. By Remark l4.9l note 
that h^2i • • ■ , ^-2fc+i < and /i_2fe > 0. We will show the lemma by the 
induction on j. 

Case I) j = 1. 

Let vq :={■■■ , 0, 0, t\,0, 0, • • • ). First, we show H^i ~ e.2'^^^VQ. For any s > 0, 
t > 1, we have 

o'-i-2s(t'o) = -A2 = -h^i, 
0-2* (wo) = 0. 

By Lemma [4.81 we get 

e^'^^'i'o = (•■■ ,0,0,tA>-i,0,---) =ir-i. 

Note that 63 ''"^^^uo = 0. Next, we show H^2 = We will calculate 

the action of ei to For any s > 0, < > 1, we have 

(J-2-2s{H-i) = -C1A2 - Ai = -/l_2, 

a2t-i{H-i) = 0. 

By Lemma [4.81 we get 

e;''-'H_i = (••• ,0,0,tA,/i-i, h_2,---)=H^2- 
Case II) j > 1. 

We assume that H^2j+3 is generated from (• • • ,0,0, t\, 0, 0, • • • ) by acting e^'s. 
First, we will calculate the action of 62 to H^2j+3- By Lemma [4.11f z'). we have 

= cr-2j+3{H-2j+3) = <^-2j+5{H-2j+3) = ■ ■ ■ = (T_i (i/_2j+3 ) • 

By Lemma l4.8f z). (m), we have for any s,t> 1, 

<^-2j+3{H^2j+3) > (7 -2j+3-2s{H -2j+3) 1 

a2t{H-2]+3) = 0. 

Therefore, we get 

e2{H^2j+3) = 0. 

Next, we will calculate the action of ei to H^2j+3- By Lemma [4.Iir iM). we 
have 

^-2j+2{H-2j+3) = — a2j-3^1 ~ 02^-2^2 = — /l-2j+2 =: M > 
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and 

= 0-_2j+4(^^-2j+3) — <^-2j+eiH-2j+3) = ■ ■ ■ = CT_2 (-H^-2j+3 ) • 

By Lemma k.Hf z). (m), we have for any s,t> 1, 

(T2t-l{H-2]+3.) = 0. 

Therefore, applying Lemma l4.8r iM'). we obtain 

ef{H^2j+?.) = -ff-2j+2, 

gf +'(i/-2j+3) = ei(i/_2j+2) - 0. 

Finally, we will calculate the action of 62 to H-2j+2- By Lemma r4.1ir i). we 
have 

cr-2j+i{H-2j+2) = -a2j_2Ai - a2j_i\2 = -/i-2j+i =: iV > 

and 

= CF-2j+z{H^2j+2) = Cr-2j+4{H-2j+2) = ■ ■ ■ = (T- 1 (^-2^+2 ) • 

By Lemma l4.8f z). (m), we have for any > 1, 

0'-2j+l(-H^~2j"+2) = 0'_2j + l-2s(-H^-2i+2), 

cr2t{H-2]+2) = 0. 

Therefore, we obtain 

^2{H-2]+2) = H^2j+1- 

( Note that e^+\H-2j+2) - e2(i?-2j+i) - 0.) □ 

Now, we prove Theorem I4.10f z'l as below: 
In Lemma [4. 121 we set j = k. Then 

H-2k+l = (•••, 0, 0, tx, /l_2, J • • • , h^2k+2, ^-2fe+l7 0; 0, • • • ) 

and 

e2(i?-2fe+i) = 0. 

We will calculate the action of ei to H^2k+i- By Lemma ^^Jz), we have 

= Cr_2A:+2(-ff-2fe+l) = 0'-2/£+4 (-ff-2fe+l ) = • • • = Cr_2(^f-2fc+l)- 

In this case, by Lemma k.lir il and Lemma ^^m), we have for any s > 1, 

(7 -2k{H -2k+l) = — a2fc-lAl — a2A;A2 = (J -2k-2s{H -2k+l) ■ 

Since the A's condition is ^^""'^ > — ^ > — we have — a2fe-iAi — a2fcA2 = 

'^2k-2 ^A2 a,2k-l 

—h-^2k < 0. This shows 

ei(iJ_2fe+i) = 
16 



and iJ_2fe+i is the highest weight vector of Bq{X). 

Similarly, if the A's condition is — > — ^ > ^7-^, we can show that 

a2fc-i — A2 a^i^ 

H^2k is the highest weight vector of Bo{X)- q 

We can describe an explicit form of lowest weight vectors similarly to describe 
highest weight vectors. For any j, fc > 1, we define 



hk-l 



= a2fe-iAi + a2fe-2A2, 

= (^'2k^l + '^2k-1^2i 

= (• • • ,0,0, Ij, Ij-i, ■■ ■ ,^2, ^l,iA,0, 0, • • •). 



^3 

Now, we note that the following remark: 

Remark 4.13. If the condition of a weight A is < — — < — (resp. 

^7— < — ^ < "'^'^ ), then h, ■ ■ ■ ,^2fe-i > and hk, hk+ir'- < 

(^2k 0.2k+l 

(resp. ^1, ^2, • • • , ^2fc > and hk+i, ^2fc+2, • • • < ) by CoroUaryUT^M). 

Theorem 4.14 (Lowest weight vector of Bo{X)). If the condition of a 

. , , , . a2fe ^ -^1 ^ "'2k-i I '^2fe-i ^ -^1 ^ ^2*: X ,, 

•weight A is < — — < — ; — [resp. — - — < — — < ), then 

0'2k~i — A2 02^, a^^ — A2 a,2k+i 

L2k-i {resp. L2k) is the lowest weight vector of Bo{X). 

Proof. This is shown by the similar way to the Theorem 14. 101 | — | 

By CoroUarv 14 . 71 and Theorem 14. 101 we obtain the following corollary. 

Corollary 4.15. The existence conditions for the highest (or lowest ) weight 
vector of Bq{X) is given by: 

(i) If the A's condition is > ct, then Bo{X) have the highest weight 

— A2 

vector. 

(ii) If the X 's condition is (3 > — ^ , then -Bo (A) have the lowest weight vector. 

—X2 

Remark 4.16. CoroUarv 14 . 1 51 means that a weight A is contained in Tits cone. 

Remark 4.17. (i) If g is affine, then a — (3. In this case, \i a — (3 = — 

— A2 

then level{X) ~ ( level{X) := (c. A), c : center of g ). 



(ii) If g is hyperbolic, then a > (3. In this case, if a > — r > /3, Bq{X) does 

— A2 

not have the highest weight vector and lowest weight vector. 
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5 Polyhedral realization of Bq{X) for afRne and 
hyperbolic types of rank 2 

In this section, we shall describe the explicit form of Bo{X) by polyhedral real- 
ization. We recall the definition of SJA] and St [A]: 

SJA] : = {% • • ■ Sj, (xjg) : l>0,jo,--- ,ji > 1} 

U {S-j, ■ ■ ■ (-.T-, J : > 0, jo, • • ■ ,Jk > 1}, 
EJA] : = {f e Zr W(C Q°°[A]) : ^(x) > for any ^ e SJA]}. 

First, we treat the case that Bq{X) contains the highest weight vector. We 
consider the following two cases of A's condition: 

(i) ^ -^1 ^ °2fc Q2fc ^ Ai ^ Q2fc+1 

a2A;-2 a,2k-i a2fe-i ^ A2 a2j. 

We define 

(i) If 4^ > ^ > '"'^ 



■''2fc-2 "^^2 a2fe-l 

E;J[A] :={5_j^ • • • 5_j^(a;_„i - /i_„i) : r > 1, > > 1, 1 < to < 2fc - 1} 

U{5_j^ • • • S-j^{x^2k) ■ s>l,js> 1}, 

Si [A] :={f e Z-[A] : ^{x) > for any ^ e Si[A]}. 

(ii) If ^ > ^ > 

S2[A] :={5_j^---^_j^(a;_„-/i_™) : r > 1, j, > 1, 1 < m < 2fc} 

U{5_j^, • • • S*_j^(a;_2fc-i) : s > 1, js > 1}, 
S2[A] :={f e Z,°°[A] : ip{x) > for any e ^^[A]}. 

Theorem 5.1. We fix an infinite sequence i = (• ■ • , 2, 1, i^, 2, 1, • • ■ ). // the 

condition oj a weigrit A is — ; > — — > [resp. > — — > 

'^2fe-2 ^'^2 0'2k-l 0,2k-l — A2 



■^2k+l 



, Bq(X) is described as below: 



"'2k 

i?o(A)-SjA]nSi[A] 
[resp. So(A) =SjA]ns2[A]). 

Proof. We shall show this theorem in the former case (i) — ; > — — > 

"■2/0-2 -^2 

a2k . 1, • 1 4.4. f\ '^Sfc ^ -^1 "2fc+l • ., , 

smce we can show m the latter case (11) > — — > — p— smiilarly 

0,2k-l _ o-2k-i —X2 a2fe 

to former case. Now, [A] is closed by S'fc's, by Lemma 13.41 S, [A] n S;'^[A] has a 
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crystal structure unless it is empty. We will show that SJA] fl [A] contains 
,which implies that [A] n [A] is non-empty, and show that [A] fl [A] has 
the unique highest weight vector. First, we will show EJA] fl contains 0. 

For the purpose, we shall evaluate the constant term of >S_j^ • • ■ S-j-^ (x^k)- 
We set 

(I), . I S-k+i-i ■ ■ ■ S^k+iS-kix^k) il<k), 
\^S-k+i ■ ■ ■ SiS-iS-2 ■ ■ ■ S-k+iS-k{x-k) {I > k). 

By the similar argument in Lemma 4.2, we obtain the explicit form of 
up to constant term as follows: 

Lemma 5.2. Let k he odd {resp. even), then 

ip%{x) - ip%{0) = a'i^-i^xi_k+e{i-k) - a'iXi_k+i+e(i-k+i) 
(resp. ^p''l\{x) - (p%{0) = ai+ixi^k+en-k) ~ a.ixi^k+i+e{i-k+i) ) 

where 

'l ifx>0, 
if X <0. 



(x) :- 



Now, we calculate the constant term in i^a^),. We consider the case that k is 

odd. For any Z < fc — 2, we know that ip^^'^f, has no costant term by its definition. 
And we have 

^-k [X) = a.k-iX-2 - ak-2X-i. 
By direct calculations, we obtain 

(fc-l) f (fc-2)N 

(fe) e p / (fc-2)^ 

f-k = '5-i5_2(<y5_fc ') 

= - o,'^.X2 + aJ,_iAi + a'^.X2. 

For any I > k, since S-k+i does not produce non-trivial constant term, we have 

^L'^(o) = ^('i,(o). 

Hence, we obtain the constant term of (^*i|,(a;): 

{4._iAi+a'j;A2 (/ > fc), 
aLiAi a - fc - 1), 

{l<k-2). 

By remark^21 in the condition (i) '^''^^ > — 2_ > — -^^g have /i-i, • • ■ , h-k < 
and h^k-i, h^k-2, ■ ■ ■ > 0. So, by the definition of h-j, we have —h^j + 
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<p^l]{0) > for any j (1 < j < fc) and (p'^^(O) > for any j {j > k). This 
shows that constant terms in aU elements in 'E.\ [A] are non-negative and then 
is contained in S,, [A] n [A] . 

In the case that k is even, we have 




and —h^j + i^'^^-(O) > for any j (1 < j < fc — 1) and i^'^^-(O) > for any j 
{j > k). Therefore, is contained in E,,[A] n [A]. 

Next, we will show that St [A] n [A] has the unique highest weight vector 
H-k- Let vx :={■■■ , 0, 0, t\, X-i, x_2, • ■ • , x^k, ■ ■ ■) be a highest weight vector 
in SJA] n S;^[A], which satisfies: 

{x^,-h^,>Q (j<fc), 
\x-j > (j > fc). 

Note that the linear function x-j — h-j [j < k), x-j {j > k) are generators of 
5^ [A], and then any vector in SJA] fl [A] satisfies the inequality H5.1|l . 

We shall show that v\ is uniquely determined and coincides with v\ by the 
induction on the index j in the following two cases: (I) j < k. (II) j > k. 

Note that by the condition that v\ is a highest weight vector, we have : 

a-j{v\) < for any j > 1. 

Casel) j < k. 

For j — 1, we have (T-i{v\) — X-i — A2 < 0. By H5.1() . we also have x-i — = 
a;_i — A2 > 0, which implies 

X-i — X2 — ft— 1. 

Assume that for any j' < j, 

x-j'=-h-f. (5.2) 
Now, by Lemma [4. Ill note that we know that 

xo = (•■• ,0,0,tA,ft-i,ft-2,-- - ,ft-2fe+i,---) 

is one of the highest weight vectors of Z^[A] and satisfies the Lemma [4. Ill 

Let us determine X-j. By the assumption H5.2|l and Lemma 14. 1 . we 
have 

cr-j{vx)^X-j-h_j<Q. (5.3) 

By l|5.1|l . we have 



x^j — h^j > 0. 



Therefore, we obtain x^j = h- 
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Casell) j > k. 
We note that 

cr^i{vx) = o--2(wa) = ■ • • = a--k{vx) = (5.4) 

by the assumption (|5.2() and Lemma f4.1ir Mz'). For j = fc + 1, by Remark I4.9L 
we have h-k-i > 0. In this case, since x-fc-i < 0, we know that (y-k-iiv\) is 
non-positive automatically as follows: 

cr-k-iiv\) x-k-i - h^k-i < 0. 

But, x-k-i is a generator of S^[A] and then 

x-k-i > 0. 

This shows X-k-i = 0. 

Now, assume that for any j' < j {k < j'), 

X^y = 0. 

Under the assumption, we have 

o'-i(wa) = o--2{v\) = ■ ■■ = a-kiv\) = 0, 
(J-j{vx) = (J-k-i{vx) = -/i-fe-i < {j : even), 
o-_j (va) = (j : odd). 

In this case, X-j is a generator of 'E} [A] and then 



x-j > 0. 



This shows X-j = 0. 
Therefore, we obtain 



(j > k). 



(5.5) 



Now, we know that v\ = -ff-fc is the unique highest weight vector in SjAJflE^ [A]. 
Since So (A) contains the unique highest weight vector [7j, H-k must be the 
unique highest weight vector in i3o(A). q 

We show the results of the explicit form of S as follows: 



SJA] = 



-a^„a;_m + a^„_ia;_„_i (m > 1) 



-2j+i+l ~ a[x^2j+i+2 — a2j~2^i ^ ^2j-1^2 
4j-2^1 ~ "2j-l-^2 
a'i_i^TX-2j+i+2 ~ (liX-2j+i+3 

0-iX-2j+i+3 ^ a2j-3Al — a2j-2A2 



''i+l- 

^2j^ 
I 

i+l 



0'i+lX-2j+i+2 
a'i+iX^2]+i+2 - a[x^2j+i+3, + a2i-2'^l + '^2j-l'^2 
ai+lX-2j+i+2 — 0,iX^2j+i+3 

a2j-2X-i - a2j-3a;i + a2j-3Ai 

0'i+lX-2j+i+3 — lliX^2j+i+i + a2j"-3Al + a2j"-2A2 



(1 < i < fc, < z < 2j 
(1 < J < fc, i - 2] 
{^<j<k, i> 2j 

(1 < j < fc, < z < 2j 
{j>k + l, i> 2j 

U >k + l, 0<i<2j 
U>k + 1, 1^2] 
{j>k + l, i> 2j 
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a2jX^i - a2j-iXi — a2j\2 

<li+lX-2j+i+l — 0,iX-2j+i+2 
«i_|_ia;_2j+i+l ~ 0,iX-2j+i+2 



0'i+lX-2j+i+3 — aiX-2j+i+i + 02^-3^1 + 02^-2^2 
ai+lX~2j + i+3 — a-X_2i+i+4 
^2j-3^ 



X-i - a2,_4Xi + 03, 4A1 



ij+ia;-2j+'t+4 



aiX-2j+i+5 



'■2J-4 



Ai 



+ a2j-3A2 



(1 < J < fc, < i < 2j - 2) 
(1 < J < fc, i = 2j - 1) 

(1 < j < fc, i > 2j) 
(1 < j < /c, < i < 2j - 3) 
(j>fc+l, i>2j-2) 
(j > fc + 1, < i < 2j - 5) 
(j>fc + l, i = 2j-4) 
(j >fc+l, i>2j-3) 



Note that constant terms of all linear forms in [A] , [A] and [A] are non- 
negative. 

Next, we treat the case that So (A) contains the lowest weight vector. We 
consider the following two cases of A's condition: 



(i) 



^2fc-l 



^2k 



> 



A. 

-X2 



> 



a2k 
a2k-l 



(ii) 



a2k 

a2fe+i 



> 



-A. 



> 



''2fe-l 



*2fc 



We define 



(i) If 



^2fe-l 



^2k 



> 



Ai 



> 



a2k 
a2k-l ' 



Sf[A] :={5'j„ • ■■Sj.i-Xm + Im) ■■ r>l, jr>l,l<m<2k-l} 

^{^3s ■ ■ ■ Sji i-X2k) ■ S>l,js> 1}, 

Sf [A] :={.f e Z;^[A] : ip{x) > for any ^ E Sf [A]}. 



(ii) If 



a2k 



> 



A. 

-Aa 



> 



^2fc-l 



a2fc+l —'■^2 "-24; 

^ti^] • • • Sj,{~x„r + Im) : r > 1, > > 1, 1 < m < 2fc} 

U{% • ■ ■Sj^{-X2k+l) ■ S>l,js> 1}, 

Sf [A] :={.x e Z^[A] : ^(f) > for any G Sf [A]}. 
Theorem 5.3. We fix an infinite sequence i = (• • • , 2, 1, i^, 2, 1, • • • ). // the 



condition of a weight A is 



^2k-l 



'■2k 



> 



Ai 

-A, 



> 



a2fe / a2/c 
[resp. 



>^> 



a2fe-i 



a2fe+i 



-'2fe-l 



''2k 



, i?o(A) is described as below: 



i3o(A)-SjA]ns3[A] 
(resp. So(A) =EjA]nEf[A]). 
Proof. This is the same as Theorem 15. II 



□ 
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We show the resuhs of the exphcit form of S as follows: 

^ r> 1 f arnX-m - am-lXm+l (m > 1) 

" \ -a'^x^m + a'^-iX-m-i (m > 1) 



5f[A] = 



~ai^iX2j-i-i + aiX2j-i-2 + a2j-iAi + a2j-2A2 
~a2j-iXi + a2j-2X-i + a2j-iAi 
— ai+ia;2j-i-2 + <iiX2j-i-3 

— ai+lX2j-i-2 + a[x2j-i-Z + a2j_2Al + a2j-3'^2 

— ai+l2;2j-j-2 + 0.iX2j-i-3 — Cl2j-lXl — a2j-2A2 



-a-+ia:2j-i-2 + a'^X2j-t-3 



fl2j-2-^l 

-a',+j^X2j- 



■*2j"-3-' 



^2j-3^2 



-3 + a-X2j-i-4 - a2j-2Al - a2j-3'^2 



-a-+iX2j-j + a-X2j-j-i 



-02jXi + a2j^ 
-ai+ia:2j-j-i 



+ a2,Ai +a2-_iA: 



+ a'2jAi 



0^2^2^-1-2 

a,;+iX2j-i-l + aiX2j-i-2 + fl2j-lAl + a2j-2A2 



-a: 



ia;2j-j-i + aia;2i-i-2 - a2, Ai 



1+ 

-ai+ia;2j-i-i + aiX2j-i-2 
-a2j-ixi + a2j~2X-i - a2j- 

-0,i+lX2j~i^2 + 0,iX2j-i-3 ^ 



a: 



2J-1A2 



2A2 

a2j-i Ai — a2j- 



2^2 



(1 < j < fc, < i 


<2j- 


- 3) 


(1 < J < A:, z 


= 2j- 


- 2) 


(1 < J < A:, z 


>2j- 


-1) 


(1 < J < fc, < z 


<2j- 


-4) 


(j > fc + 1, z 


>2j- 


-1) 


(j > fc + 1, < z 


<2j- 


-4) 


(j > fc + 1, I 


= 2j- 


-3) 


(j > fc + 1, z 


>2j- 


-2) 


{I <j <k, <i 


<2j- 


-2) 


{l<j<k,i 


-2j- 


-1) 


{l<J<k,i> 


2j) 


{1 <j <k, <i 


<2j- 


-3) 


ij>k + 


1, i > 


2j) 


U >k + l, 0<i 


<2j- 


-3) 


{j>k + l, i 


= 2j- 


-2) 


ij>k + l, i 


>2j- 


-1) 



A Highest and lowest weight vector of Bq{X) for 
classical types of rank 2 

In this appendix, we consider the case of classical types A2, B2 and G2. Def- 
erence of afSne or hyperbolic type is that the integer a; may not positive. We 
need to treat classical types case by case. If we obtain the explicit form of the 
highest (or lowest) weight vector of Bq{\) in Zf°[A], we can describe the explicit 
form of Bq{X) by the same method of previous section. In particular, the form 
of S is the same. So, we describe the explicit form of the highest (or lowest) 
weight vector of i?o(A) in the following subsection. 



A.l A2 case 

In this case, we have ci = C2 and then ai = aj. We calculate integer ai till ai is 
zero (c.f. Example 14. 4|l . Then, 

oi — 1, a2 — 1, as = 0. 

Therefore, the sequence in Corollarv l4.7l is 

1 > 0. 

If > 1, then ft-i < 0, /i2 > and /i, I2 > 0. If = 1, then hi < 0, 



-A2 



-A, 



ft.2 = and h > 0, I2 = 0. If 1 > — — > 0, then hi, /i2 < and h > 0, I2 < 0. 

— A2 
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Consequently, we describe the highest (or lowest) weight vector of Bo{X) as 
follows: 

(i) If — ^ > 1, then is the highest weight vector and L2 is the lowest 
weight vector of Bo{X). 

(ii) If — ^ = 1, then is the highest weight vector and Li is the lowest 

— A2 

weight vector of Bo (A). 

(iii) If 1 > — ^ > 0, then H-2 is the highest weight vector and Li is the 
lowest weight vector of Bo{X). 

A. 2 B2 case 

In this case, we have ci = 2, C2 = 1 and then 

oi = 1, 02 = 2, 03 = 1, 04 = 0, 
a'l — 1, a'2 — 1, ctg — 1, a'^ = 0. 

The sequence in Corollarv l4.7l is 

2 > 1 > 0. 

Therefore, we obtain a following table 1{H: highest weight vector, L: Lowest 
weight vector): 



Table 1: 



A's condition 


H 


L 


^ > 2 

— A2 

^ = 2 
2 > ^ > 1 

— A2 
1 > ^ > 

— A2 


H-i 
H-i 

H-2 
H-2 
H-3 


L3 
L2 
L2 
Li 
Li 



A. 3 G2 case 

In this case, we have ci = 1, C2 = 3 and then 

oi = 1, 02 = 1, 03 = 2, 04 = 1, 05 = 1, ae = 0, 

a'l = 1, 4 = 3, flg = 2, 04 = 3, flg = 1, flg = 0. 
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The sequence in Corollary 14. 71 is 



2 1 1 
Therefore, we obtain a following table 2: 

Table 2: 



A's condition 



Ai 



> 1 



^ = 1 

Ai _ 2 
-A2 3 

3 ^ -A2 2 



-A2 



1 > Jll > 1 

2 -A2 ^ 3 



Ai 

-A2 



i > ^ > 





L 




1 


L5 




1 


u 




2 


u 




2 


L3 




3 


L3 




3 


L2 




4 


L2 




4 


Li 


H- 


5 


Li 
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